Recent studies demonstrate that a key advantage of Flexible Matrix Composite (FMC) shaft technology is the ability to accommodate misalignments without need for segmenting or flexible couplings as required by conventional alloy and graphite/epoxy composite shafts. While this is indeed a very promising technology for rotorcraft driveshafts, the high damping loss-factor and thermal stiffness and damping sensitivities of the urethane matrix, makes FMC shafting more prone to self-heating and whirl instabilities. Furthermore, the relatively low bending stiffness and critical speeds of FMC shafts makes imbalance vibration a significant challenge to supercritical operation. To address these issues and advance the state-of-the-art, this research explores Active 
. " = derivative with respect to time "′ " = derivative with respect to x " * " = complex conjugate
INTRODUCTION
Recently, a novel approach to the design of helicopter tailrotor driveshafts based on newly emerging urethane/graphite Flexible Matrix Composite (FMC) materials has been explored in Figure 1 depicts the AMB-FMC driveline system investigated in this research. The system consists of a single piece FMC shaft, which is driven at constant rotational speed, Ω. The FMC shaft, with transverse deflections v(x,t) and w(x,t), is coupled to a fixed input-shaft and fixed output-shaft via rigid couplings and is supported by three non-contact, radial AMBs. 
TECHNICAL APPROACH

AMB-FMC Driveline System
Rigid Coupling
(1-a)
Where E and G are shaft elastic and shear moduli, ξ is the equivalent viscous damping parameter and T is the shaft temperature. Also, the nominal shaft material properties are defined as
Where T n = 30°C is the nominal shaft temperature. Finally, the shaft material property temperature dependence is linearly approximated about the nominal values as (
Where δ k , δ τ , and δ c , are bending stiffness, torsion stiffness and damping temperature sensitivities and δ T = T -T n is the deviation temperature about T n due to some external ambient temperature operating condition. The material properties of the FMC shaft considered in this study are summarized in Tables 1 and 2 . The system kinetic energy, T , strain energy V, dissipation function, D, and virtual work expressions, δW and δW , due to shaft imbalance and the AMB control forces are
Where "
. " and "′ " indicate differentiation with-respect-to time, t, and x respectively.
Furthermore, f and f , are the lateral components of the electromagnetic forces applied to the shaft by the AMBs, which are modeled based on linearized force-current-displacement relations about a constant bias current level, I (cf. Ref. 13 or 16 for details). Here, I and I , are the i AMB control current inputs which are determined by the active control law. Based on Eqs. (2) and (3), the AMB-FMC driveline equations of motion are obtained via the Finite Element Method (FEM). For more details, one can refer to the Appendix.
Finally, the model order is reduced via a modal transformation retaining the first n =10
modes. The resulting equations-of-motion in terms of modal coordinates, , are
Where the matrices M, C, G and K are the nominal mass, structural damping, gyroscopic and elastic stiffness matrices, respectively, with M = I (identity matrix). K is the skew-symmetric rotating-frame damping-stiffness matrix (Ref. 
In this investigation, the proposed AMB-FMC driveline is sized to replace the conventional supercritical segmented tailrotor driveline of the McDonnell-Douglas AH-64 Apache helicopter.
In particular, the overall driveline length, L s , and shaft outer diameter, d s , are kept the same as the original AH-64 driveline. Furthermore, the FMC shaft wall thickness, t s , is selected such that the torsion stiffness of the new FMC driveline matches that of the original AH-64 driveline. The parameters are summarized in Table 3 . Finally the conventional hanger bearings and dampers are replaced with the AMBs who's parameters are given in Table 4 . 
Active Control Architecture
To proceed with the development of the active control law, the AMB-FMC driveline system in Eq. (4) is first recast into state-space form 
Also, is the synchronous disturbance input due to imbalance and is In this hybrid control strategy, the control input, u, consists of two components given in Eq. (8).
Here, is generated from an output feedback control designed to stabilize the supercritical shaft whirl instabilities and to ensure bounded-input bounded-output (BIBO) stable levitation of the AMB-FMC driveline system in Eq. (5). Furthermore, the adaptive portion of the control,
is the i updated complex Fourier coefficient control input which is adapted slowly relative to system transients to suppress the steady-state synchronous imbalance response. is utilized instead. Thus, the implemented SAVC update law is
Since the SAVC input is updated slowly relative to the settling-time of the feedback controlled driveline system in Eq. (11), the overall Hybrid feedback/SAVC controlled driveline is stable if and only if Eq. (11) cause the SAVC not to converge, the convergence robustness with respect to δ T must be considered in the control design.
Control Synthesis
Conceptually, in the hybrid feedback-SAVC control approach, the function of the feedback law in Eq. (10) is to ensure BIBO stable levitation of the AMB-driveline while the SAVC input adapts and converges to suppress the steady-state synchronous imbalance response. Since the slowly adapted SAVC input does not affect BIBO stability, the feedback controller and SAVC convergence designs can be conducted sequentially.
Because the control system must be robust with respect to temperature deviations about the nominal temperature, δ T is considered as a bounded uncertainty parameter in the control design.
Thus, the feedback/SAVC controlled AMB-FMC driveline system is rewritten as a linear fractional transformation (LFT) about the nominal feedback controlled system, G(s), with deviation temperature uncertainty block Δ = δ T I. Where BB p and C q describe the uncertainty structure.
To ensure that the feedback controlled closed-loop driveline system in Eq. (11) is robustly stable with respect to temperature deviations, δ T , the feedback portion of the control, C FB (s), is synthesized using a robust H ∞ design approach. To analyze the convergence robustness of the SAVC portion of the control, the convergence criteria in Eq. (19) is iteratively solved using a bisection algorithm to determine the deviation temperature robust convergence margin, δ Tconv , for a range of shaft speeds. Finally, the overall deviation temperature robustness margin δ Tmax for a given shaft speed, Ω, is defined and computed as
To asses the vibration performance, the following worst-case steady-state vibration indices are 
CLOSED-LOOP PERFORMANCE
System at Nominal Temperature
In this section, the closed-loop performance of the H ∞ /SAVC controlled AMB-FMC driveline at the nominal temperature, T n =30°C, is investigated assuming no temperature deviations or uncertainty, i.e. δ T =0. In particular, Fig. 6 shows the RMS vibration and control currents of the AMB-FMC driveline under H ∞ and H ∞ /SAVC control with two amounts of SAVC control effort penalty weighting w . Here, the eff H ∞ /SAVC achieves significant vibration suppression compared with the H ∞ baseline except near two shaft speeds, ω c1 ≈ 2800 and ω c2 ≈ 5500 RPM. As expected, the case with the lowest SAVC penalty weighting, w eff , achieves the best vibration suppression. Near the operating speeds, ω c1 and ω c2 , the SAVC requires excessive currents to suppress the vibration and thus, due to AMB current saturation limitations, the imbalance vibration cannot effectively be reduced at these speeds. This phenomena is due to transmission zeros, introduced into the control path by the H ∞ feedback controller C FB (s). These closed-loop transmission zeros at ω c1 and ω c2 block the effect of the SAVC input for speeds near ω c1 and ω c2 . However this blocking phenomena is not necessarily a serous issue, since most drivelines, such as helicopter drivelines, typically operate at a single, fixed speed, Ω. Thus, unless Ω corresponds with one of the transmission-zero speeds, the hybrid H ∞ /SAVC law can be used to achieve effective vibration suppression. Nevertheless, one way to address this issue is through proper selection of the AMB locations along the driveline. It is found that the closed-loop transmission zeros speeds are very sensitive to the AMB locations, and thus they can be shifted away from a given operating speed by proper AMB placement. This sensitivity is demonstrated in Fig. 7 , which shows the RMS vibration and control currents of the H ∞ /SAVC controlled AMB-FMC driveline for two sets of AMB locations.
AMB Locations:
[ 
System with Temperature Deviations
In this section the effect of temperature uncertainty, δ T , is considered. Using Eqs. (24) and ω c2, the SAVC successfully adapts and converges to achieve significant imbalance vibration suppression even in the presence of temperature uncertainty δ T . Thus, except for Ω near ω c1 and ω c2 , the hybrid H ∞ /SAVC control law achieves robust performance. However, for speeds near ω c1 and ω c2 , the SAVC input is less effective, and the presence of the uncertainty, δ T , causes the SAVC to increase the vibration above the feedback controlled baseline imbalance response, (see "a" and "b" in Fig. 9 ).
Since δ T alters the FMC shaft stiffness and damping, δ T also shifts the transmission-zero frequencies, ω c1 and ω c2 about their nominal values. This frequency shifting is reflected in the plots of the worst-case case performance indices by the presence of the peaks "a" and "b" about ω c1 and "d" and "c" about ω c2 in Fig. 9 . The separation bandwidth between "a" and "b" and between "c" and "d" increases with the deviation temperature uncertainty δ T .
Finally, comparing Figs. 9 and 10 demonstrates the effect of increasing w eff on the SAVC vibration suppression performance and robustness. Increasing w eff improves performance robustness for shaft speeds near ω c1 and ω c2 . However, it also limits the SAVC control input magnitudes which, in turn, reduces the maximum achievable vibration suppression. Therefore, larger values of w eff are only necessary and beneficial for Ω near the closed-loop transmissionzero speeds, where the system is most sensitive to temperature uncertainty and a tradeoff between stability and vibration suppression must be made.
Time-Domain Response
This section explores the time-domain performance and robustness of the H ∞ /SAVC controlled AMB-FMC driveline system subjected to shaft imbalance and temperature deviation δ . In the subsequent simulations, the A/D sampling period is T = 1x10 seconds, the SAVC control update period is T = 1.0 second, and the SAVC control effort weighting is w = 0. Furthermore, Fig. 13 shows the system response for a cyclic deviation in shaft temperature. The simulation demonstrate that, for δ T < δ Tmax , the H ∞ feedback portion of the control maintains stable levitation at supercritical speeds while the SAVC input adapts and converges within a few update steps to effectively suppress the shaft vibration. Since this is achieved without utilizing any information about the imbalance or temperature deviation in the control algorithm, the H ∞ /SAVC law developed in this research is deemed robust.
CONCLUSIONS
In this investigation, a hybrid H ∞ feedback/SAVC control law is developed for a prototype AMB-FMC tailrotor driveline system considering uncertainties due to temperature dependent FMC material properties, rotating-frame damping, and shaft imbalance. By proper selection of the SAVC control effort parameter, w eff , the hybrid H ∞ /SAVC control strategy guarantees stable levitation and vibration suppression, and is robust with respect to FMC shaft temperature deviations and imbalance uncertainty. The resulting controller is effective across a wide range of sub-and supercritical operating speeds from Ω = [0 -6000] RPM except near certain closed-loop transmission-zero speeds introduced by the H ∞ feedback portion of the control. For shaft rotational speeds away from the transmission-zero frequencies, the control system has inherent robustness. Consequently, both stability and effective imbalance vibration suppression (~95 % reduction) is guaranteed for a wide range of temperature deviations (± 55°C about 30°C nominal). For shaft speeds near the closed-loop transmission-zeros, the closed-loop system is more sensitive to temperature deviations, however the robustness and vibration suppression near these speeds can be greatly improved by increasing the value of w eff . Finally, it is determined that the transmission-zero frequencies are sensitive to the AMB locations and thus can be effectively shifted by proper AMB positioning to allow low vibration operation at any desired design operating speed. Through the combination of single piece, rigidly coupled, FMC driveshaft technology and non-contact magnetic bearings, the AMB-FMC driveline concept and associated robust adaptive control law developed in this investigation further advances the vision of low maintenance, low vibration technologies for rotorcraft drive systems.
APPENDIX
The FEM elemental matrices for the driveline system in Fig. 1 are 
